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Stochastic models for quantum state reduction give rise to statistical laws that are in many re-
spects in agreement with those of standard quantum measurement theory. Here we construct a
counterexample involving a Hamiltonian with degenerate eigenvalues such that the statistical pre-
dictions of stochastic reduction models differ from the predictions of quantum measurement theory.
An idealised experiment is proposed whereby the validity of these predictions can be put to the test.
PACS Numbers : 03.65.Ta, 03.65.Ca, 05.40.Jc
Stochastic extensions of the Schro¨dinger equation have
recently attracted attention as plausible models for state
vector reduction in quantum mechanics. The purpose of
this article is to propose an experiment to test the pre-
dictions of such models, and in particular to distinguish
them from the consequences of the projection postulate
of quantum measurement theory.
According to standard quantum mechanics, the evo-
lution of the state of an isolated quantum system is de-
scribed by a deterministic unitary transformation, gov-
erned by the Schro¨dinger equation. The behaviour of the
state of a quantum system following the measurement of
an observable is less well understood, however, and has
been the subject of many debates. In standard quantum
measurement theory it is usually assumed that when the
measurement of an observable with a discrete spectrum
is carried out on a system prepared in a prescribed ini-
tial state, then the state reduces, in a nondeterministic
manner, as a consequence of the measurement, to one of
the eigenstates of the observable being measured. The
precise mechanism according to which the state reduc-
tion occurs, if indeed this is the correct picture, is not
specified in the standard theory. We can, nevertheless,
predict the statistical properties of the measurement out-
come, and for an appropriate energy scale the standard
theory provides accurate results for a wide range of phe-
nomena.
There have been attempts to extend the dynamics of
standard quantum mechanics in such a way that the re-
duction process itself takes the form of a dynamical pro-
cess. Notable amongst these are the stochastic models
for state reduction [1–6]. In such models, the quantum
dynamical law is governed by a combination of a deter-
ministic drift term and a nondeterministic fluctuating
term, driven by a standard Wiener process. For a re-
cent review and a comprehensive list of references, see
for example [7]. We shall consider here, in particular,
stochastic models for the collapse of the wave function to
eigenstates of observables commuting with the Hamilto-
nian. This family of models has been studied extensively,
and can be viewed as an important prototype for state
reduction models in general [3–8].
We shall say that an energy based stochastic reduc-
tion model is admissible if the following properties hold.
Firstly, we require that the dynamics should be norm
preserving. Secondly, we require that the expectation
value of any observable that commutes with the Hamil-
tonian should be a weakly conserved quantity, i.e., that
it should satisfy the martingale condition. Finally, we re-
quire that the variance of any such observable should be
a supermartingale, i.e., that it should, on average, be a
decreasing process, to ensure reduction to an eigenstate.
It has been demonstrated recently [9] that there are in-
finitely many admissible stochastic models in this sense.
Specific models within this class have been investigated in
great detail, and it has been established for these models
that, remarkably, the probability of reaching a designated
eigenstate is given by the Dirac transition amplitude for
the given initial state and final eigenstate, in agreement
with the predictions of standard quantum measurement
theory [3,5,6].
For the class of admissible stochastic models, we can
now enquire whether the resulting statistical predictions
are entirely consistent with quantum measurement the-
ory. In what follows we shall construct an example of
a subtle instance for which the two theories give rise to
different predictions.
In order to illustrate the idea, we consider the example
of a system of two noninteracting distinguishable spin-
1
2
particles in a constant applied magnetic field. The
Hamiltonian of the system is given, in suitable units, by
Hˆ =
(
Sˆ1z ⊗ 1ˆ2
)
⊕
(
1ˆ1 ⊗ Sˆ2z
)
, (1)
where Sˆiz is the component of the i-th spin operator in
the direction of the applied field, which is assumed to
be oriented along the z-axis. The Hamiltonian Hˆ has
three eigenvalues: +1 corresponding to the | ↑↑〉 state,
−1 corresponding to the |↓↓〉 state, and 0 corresponding
to a degenerate family of states expressible in the form
α|↑↓〉+ β|↓↑〉 with |α|2 + |β|2 = 1.
Given the Hamiltonian above, we consider making a
measurement of the energy of the system. Now, an en-
ergy measurement is not quite the same as a spin mea-
1
surement, even though a measurement of Sˆ1z and Sˆ2z will
certainly determine the value of the energy. According
to quantum measurement theory, a generic initial state
collapses to one of three possibilities, namely, either to
one of the energy eigenstates corresponding to the en-
ergy eigenvalues 1 or −1, or to a third energy eigenstate
with eigenvalue 0. The standard projection postulate
[10,11] states that there exists a unique decomposition of
a given initial state in terms of possible outcome states of
the measurement. Therefore, in the present example, the
third eigenstate onto which the collapse may occur can
be determined uniquely in terms of the specified initial
state and two remaining nondegenerate eigenstates.
In order to clarify the situation, we examine the case
where the initial state is given by
|ψI〉 = 12 (|↑↑〉+ |↓↓〉+ |↑↓〉 − |↓↑〉) . (2)
Then, according to quantum measurement theory, it fol-
lows as a consequence of the energy measurement that
|ψI〉 collapses to the final state |ψF 〉 = |↑↑〉 with proba-
bility 1
4
when eigenvalue 1 is observed, to the final state
|ψF 〉 = |↓↓〉 with probability 14 when eigenvalue −1 is ob-
served, and to the final state |ψF 〉 = 1√
2
(|↑↓〉− |↓↑〉) with
probability 1
2
when eigenvalue 0 is observed. It should
be emphasised that the projection postulate is an axiom,
and, as such, it does not directly follow from the basic
dynamical or statistical laws of quantum mechanics.
In particular, in stochastic reduction models, when
there is a degenerate eigenvalue for the energy, the out-
come for the corresponding eigenstate is incompatible
with the projection postulate, and is given rather by a
range of possible pure states, characterised by a proba-
bility distribution over the entire family of states sharing
the given energy eigenvalue.
In the example for which the initial state is (2), if the
energy eigenvalue 0 is observed, then the statistical prop-
erties of the resulting pure states are represented by the
following density matrix:
ρˆ =
∫ 2pi
0
∫ pi
0
ρ(θ, φ)|θ, φ〉〈θ, φ|dθdφ. (3)
Here the density function ρ(θ, φ) determines a probabil-
ity distribution over the unit sphere parameterised by
the angular coordinates θ, φ, for which the correspond-
ing state |θ, φ〉 is given by
|θ, φ〉 = cos 1
2
θ|↑↓〉+ eiφ sin 1
2
θ|↓↑〉. (4)
The density function ρ(θ, φ) depends on the initial condi-
tion |ψI〉 and the specific choice of the stochastic model.
In the case where ρ(θ, φ) is given by the δ-function
ρ(θ, φ) = δ(θ − 1
2
pi)δ(φ− pi), (5)
we recover the result of the projection postulate in the
standard theory, for which the density matrix can be ex-
pressed in the form ρˆ = |ψF 〉〈ψF |, where |ψF 〉 is the
singlet state. In general, however, ρ(θ, φ) differs from
the expression (5).
In summary, we see that, conditional on the measure-
ment outcome of the energy being the degenerate eigen-
value 0, the resulting reduced state is given either by a
unique eigenstate or by a statistical mixture of the corre-
sponding eigenstates, depending on which theory is em-
ployed. Thus, in the case of a degenerate energy eigen-
value spectrum, the two theories give rise to different
predictions.
Let us consider therefore the problem of determining
how one or the other of these predictions can be ruled
out by an appeal to observation.
For our idealised experiment, we take the state |ψI〉 in
(2) to be the initial state. Then, if the outcome of the en-
ergy measurement gives eigenvalue 0, the state collapses,
according to the standard theory, to the spin-0 singlet
state. The stochastic theory, however, predicts that the
collapse is to a random pure state lying somewhere on
the subspace consisting of all superpositions of the |↑↓〉
state and the |↓↑〉 state. At this point, we may consider
the possibility of using a spin measurement, say, on the
first particle, to distinguish the two possibilities. Then,
if the system is in the singlet state, the outcome of a
measurement of Sˆ1z is |↑↓〉 with probability 12 and |↓↑〉
with probability 1
2
. On the other hand, according to the
stochastic theory, the probability of observing the |↑↓〉
state is given by
p =
∫ 2pi
0
∫ pi
0
ρ(θ, φ) cos2 1
2
θdθdφ, (6)
which may be different from 1
2
. If they are different, then
we can test the two predictions by this experiment.
The simple spin measurement we have just considered,
however, does not distinguish between the two predic-
tions, because we require that p = 1
2
. In other words,
for a viable stochastic model we insist that it should give
the same statistical predictions as the standard projec-
tion postulate, for the secondary measurement we con-
sider here. This is because we would like the stochastic
model to be compatible with the predictions of the stan-
dard theory for commuting observables.
Notwithstanding the nontrivial constraint imposed by
this condition, we can show that admissible stochastic
models are, in fact, viable in the sense discussed above.
To see this, we must use the fact that, in an admissi-
ble reduction model, any observable commuting with the
Hamiltonian also satisfies a weak conservation law, when
the system collapses to an energy eigenstate [6,8]. The
argument proceeds as follows. Let us consider more ex-
plicitly the measurement of the spin of the first particle,
characterised by the observable
Σˆ1z = Sˆ1z ⊗ 1ˆ2. (7)
For the expectation value of Σˆ1z in the initial state |ψI〉,
we find
2
〈ψI |Σˆ1z|ψI〉 = 0. (8)
Now, the weak conservation law states that this is the
same as the terminal expectation value of Σˆ1z, after the
energy measurement is made. Therefore, we must have
1
4
〈↑↑|Σˆ1z|↑↑〉+ 14 〈↓↓|Σˆ1z|↓↓〉
+ 1
2
∫ 2pi
0
∫ pi
0
ρ(θ, φ)〈θ, φ|Σˆ1z |θ, φ〉dθdφ = 0. (9)
The first two terms cancel, because of the relation
〈↑↑|Σˆ1z |↑↑〉 = −〈↓↓|Σˆ1z|↓↓〉. (10)
On the other hand, as a consequence of (4) we find that
〈θ, φ|Σˆ1z |θ, φ〉 = 2 cos2 12θ − 1, (11)
from which it follows that p = 1
2
and hence the viability
condition follows at once.
Therefore, in the case of an admissible reduction
model, we must make a measurement of an observable
that does not commute with the Hamiltonian in order
to distinguish between the predictions of the standard
theory and the stochastic theory.
In the present context, this can be achieved, for ex-
ample, by measurement of the total spin operator Sˆ2 for
the given two-particle system. More specifically, we pre-
pare an ensemble consisting of a large number of identical
states, each given initially by |ψI〉, and carry out energy
measurements. About half of the results will give either
1 or −1, which we discard. The ensemble corresponding
to remaining half of the particle pairs will either be in the
singlet state, according to the standard theory, or will be
in a mixed state ρˆ characterised by (3), according to the
stochastic theory.
We now carry out the measurement of Sˆ2 on each el-
ement of the ensemble. If each final state |ψF 〉 is in the
spin-0 singlet state, then the result of the measurement
gives
〈ψF |Sˆ2|ψF 〉 = 0 (12)
for the ensemble average. On the other hand, if the statis-
tics of the ensemble are given by the density matrix ρˆ (3),
then by use of (4) we find that the measurement results
in the following ensemble average for the total spin mea-
surement:
tr
(
ρˆSˆ2
)
=
∫
2pi
0
∫ pi
0
ρ(θ, φ)〈θ, φ|Sˆ2|θ, φ〉dθdφ
= 1 +
∫
2pi
0
∫ pi
0
ρ(θ, φ) sin θ cosφdθdφ. (13)
This expression does not vanish unless (5) holds. More
precisely, because Sˆ2 is a nonnegative operator, the ex-
pectation of which vanishes only in the singlet state, the
expression tr(ρˆSˆ2) in (13) vanishes if and only if ρˆ is
the pure state density matrix predicted by the standard
measurement theory.
We note in deriving (13) that the expectation
〈θ, φ|Sˆ2|θ, φ〉 appearing in the integrand can be calcu-
lated by use of basis rotation
|θ, φ〉 = 1√
2
(cos 1
2
θ + sin 1
2
θeiφ)|t〉
+
1√
2
(cos 1
2
θ − sin 1
2
θeiφ)|s〉, (14)
where
|t〉 = 1√
2
(|↑↓〉+ | ↓↑〉) (15)
and
|s〉 = 1√
2
(|↑↓〉 − | ↓↑〉) (16)
are the Sˆz = 0 triplet and the singlet states, respectively,
satisfying 〈s|Sˆ2|s〉 = 0 and 〈t|Sˆ2|t〉 = 2. Therefore, mea-
surements of the total spin are sufficient to distinguish
the possible outcomes of the energy measurement pre-
dicted by the two theories.
In conclusion, we have shown an example of a system
characterised by a Hamiltonian with a degenerate eigen-
value, for which the standard measurement theory and
the stochastic reduction theory give rise to different sta-
tistical predictions. We have also outlined the details of
an idealised experiment whereby the validity of the two
predictions can be checked by examination of the statisti-
cal properties of measurement outcomes for the total spin
operator. The reason for introducing such higher order
moments, to distinguish the two predictions, is because
of the weak conservation law satisfied by the admissible
models, which ensures that the statistical predictions of
the stochastic models must agree with those of the stan-
dard quantum measurement theory in the case of observ-
ables commuting with the Hamiltonian.
If the prediction of the conventional quantum measure-
ment theory based on the projection postulate is valid,
then this will rule out a wide class of existing stochastic
models. On the other hand, if the test for the stochas-
tic theory turns out to be affirmative, then the implica-
tions are profound: not only would the result will pro-
vide strong support for stochastic models in general, but
it would also allow one to test experimentally which of
the many admissible models gives the correct prediction.
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